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Bifurcation and Pattern Formation of
a Susceptible-Infected-Recovered
Model with Diffusion

[l YUAN Hailong, CHONG Xiaoyan, DING Siyu
School of Mathematics & Data Science, Shaanxi University of Science & Technology, Xi’an 710021, Shaanxi, China

Abstract: This paper investigates a susceptible-infected-recovered (SIR) epidemic model with diffusion. The model incorporates psycho-
logical impact coefficients @ and b, and employs a saturated incidence rate to characterize the psychological effects induced by the disease.
First, a priori estimates for positive solutions are derived, and the nonexistence of nonconstant positive solutions is proved by the energy
method. Second, the Turing instability of the positive equilibrium is analyzed, and the existence of nonconstant positive solutions is estab-
lished by means of Leray-Schauder degree theory. Subsequently, bifurcation theory is utilized to characterize the local and global structures
of steady state bifurcations. Through spatial decomposition and the implicit function theorem, the local structure of steady state bifurca-
tions at a double eigenvalue is constructed, and a criterion for judging the direction of bifurcation is derived. Finally, numerical simulations
are performed to supplement and verify the theoretical results.

Key words: bifurcation; pattern formation; susceptible-infected-recovered (SIR) model; numerical simulation

CLC number: 0175.26

0 Introduction

Infectious diseases endanger human health, and exploring their transmission mechanisms is vital for formulating
prevention and control strategies. As a core tool for epidemic research, the classical susceptible-infected-recovered
(SIR) model by Kermack and McKendrick!" classifies populations into susceptible (S), infected (I) and recovered (R)
groups and describes their transitions, establishing the basis of infectious disease dynamics.

With advances in epidemiological modeling, more realistic biological mechanisms have been integrated into com-
partmental models. Turing™ put forward the reaction-diffusion framework in 1952, revealing that diffusion can destabi-
lize homogeneous equilibria and produce spatial patterns, which underpins spatial-pattern research in epidemiology.
Ma et al”’ established qualitative theory and stability analysis tools for ordinary differential equations for nonlinear
dynamica-system studies. Fitzgibbon et a/ constructed a reaction-diffusion model accounting for both direct human-
to-human and indirect environment-mediated disease transmission. Brauer et a/*' presented a comprehensive frame-
work for population epidemiological modeling.

Building on these advances, researchers have explored the spatiotemporal dynamics of epidemic models. Sun ef
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al® derived Turing instability conditions for a diffusive epidemic model to illustrate how infection and recovery rates
shape spatial patterns. Xue et al”’ obtained Hopf bifurcation conditions at the endemic equilibrium for a delayed SIR
model with logistic growth. Deng et al™ studied SIS reaction-diffusion epidemic dynamics, whereas Cui ef a/” exam-
ined SIS models under heterogeneous advection. Li and Tong et a/l'*'" further analyzed diffusive SIS models with vari-
able total populations and logistic sources. These works show that diffusion, population growth and spatial heterogene-
ity strongly affect disease persistence and spatial spread.

More recent work has integrated complex spatial structures, human behavioral responses and intervention mecha-
nisms into epidemic models. Chang et a/' explored cross-diffusion-driven patterns for network-based SIR models and
clarified network-pattern correlations, and further proposed sparse optimal control strategies for SIR reaction-diffusion
systems"?. Goel et al'* constructed a susceptible-aware-infected-recovered (SAIR) model with awareness effects, non-
linear incidence, saturated treatment and time delay. Li et al'™ analyzed spatial dynamics of a diffusive SIRS model
featuring general saturation and infected-to-susceptible transitions. Collectively, these efforts reflect an evolution from
classical temporal compartmental models toward realistic spatial reaction-diffusion frameworks.

To capture environmental factors, population dynamics, disease-induced mortality and nonlinear transmission, Ma
et al” proposed the following epidemic model

ds _ Sy\_ASL L

ar —rS(l K) S+1+cl us, >0,

ar _pst - 1
4=y " dcl-ud, >0, (1)
(jTI:=y]—rR, t>0.

Here, S, I and R represent the densities of susceptible, infected and recovered individuals, respectively, ¢ represents
time, K is the environmental carrying capacity, r is the intrinsic growth rate, i represents the natural death rate of the
population, 7 is the mortality rate due to the disease, c is the recovery rate of diseased individuals, and f is the transmis-
sion coefficient of the infectious disease.

Despite these advances, certain limitations still exist. Traditional ordinary differential equation (ODE) epidemic
models assume well-mixed populations and cannot capture spatial heterogeneity caused by human movement. Al-
though reaction-diffusion models overcome this drawback, most existing studies focus on diffusion, time delay, popula-
tion growth, heterogeneous environments and network structures™'”. Few works systematically explore the coupled ef-
fects of spatial diffusion and media-induced public behavioral responses. In particular, how such psychological behav-
iors affect Turing instability, nonconstant positive steady states, and local and global bifurcations in diffusive SIR mod-
els remains unclear.

Motivated by this gap, this work incorporates media-driven behavioral responses into a reaction-diffusion SIR
framework. We introduce psychological coefficients in the saturated incidence rate to characterize reduced contacts due
to public awareness, while diffusion terms describe the random movement of susceptible and infected populations. The
proposed model is presented as follows
oS

_ S\_ BT _
o —rS(l—K) S+ bl uS+cl+d,AS, xeQ,t>0,
ol pSI
5t = aS+bl (u+t+o)—vi+d,AlL xeQ,t>0, ?)
oS ol
5_5_0, xe o, t>0,
S(x,0)=S8,(x)>0,1(x,0)=1,(x)=(£)0, xeQ,

where A is the Laplace operator, n is the outward unit normal vector, Q is a bounded domain in R" (N> 1) with a smooth
boundary 02, and the homogeneous Neumann boundary condition is being considered. d, is the random diffusion coeffi-
cient of the susceptible population S, and d, denotes the random diffusion coefficient of the infected population /. The dif-
fusion coefficients d, and d,, the initial data S, (x) and /,(x), are all positive constants, v denotes the permanent immunity
rate, and other environmental factors (e.g., nutrients or contaminants) affect the survival and transmission of infected indi-
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B
aS+bl’

This paper mainly studies the dynamics of positive steady states of system (2), as well as the following steady

viduals. The transmission rate is a and b are constant coefficients representing the psychological influence.

states problem with the elliptic system

_ S\ __BSL
—dlAS—rS(l K) 2S+ bl uS+cl, xeQ,
B . BSI 3 3 3
d,AI= P, (u+7+c) -V, xeQ, (3)
oS ol
%—%— , x € 0Q2.

This paper first investigates the unique positive constant solution to system (3). The a priori estimates for positive
solutions are derived by the maximum principle, and the existence of nonconstant positive solutions is proved by com-
bining the energy method with the Leray-Schauder degree theory. Secondly, with parameters r, a, b, u, K, ¢, 7 and v fixed,
we take the diffusion coefficient d, as the bifurcation parameter. Local bifurcation theory is adopted to study bifurca-
tion phenomena corresponding to simple and double eigenvalues. As complete bifurcation curves cannot be character-
ized merely by local bifurcation, an extension to global bifurcations is further performed. The results reveal that when
d, exceeds a certain critical threshold, the bifurcation curves can extend infinitely with multiple bifurcation points. Fi-
nally, numerical simulations are carried out for verification, and the evolutionary mechanism of patterns for uninfected
and infected populations with local diffusion is revealed. It is demonstrated that diffusion can drive the system to
evolve patch-like, stripe-like and pore-like patterns.

Let 0=4,<4,<4,<---<4,;<--- represent the eigenvalues of the operator —A under the homogeneous Neumann
boundary condition on Q where each eigenvalue 4, has a multiplicity m,> 1. Define ¢, (1 <j<m,) as the normalized ei-

genfunctions associated with 1,. Together, ¢,,i>0, 1<;<m,, constitute a complete orthogonal basis in L*(Q).

>

The paper is structured as follows. In Section 1, we establish a priori estimates and derive the nonexistence results
for nonconstant positive solutions. In Section 2, we discuss the Turing instability of equilibria and prove the existence
of nonconstant positive solutions. In Section 3, we employ bifurcation theorems to analyzed local and global bifurca-
tions, including the bifurcation direction. In Section 4, we supplement and verify the theoretical results by means of nu-

merical simulations.

1 Long-Term Behaviour of the Solutions

In this section, we investigate the persistence properties and derive a priori estimates for the positive steady state
of system (3). Furthermore, we prove the nonexistence of nonconstant solutions.

1.1 A Priori Estimates

In this subsection, we will derive a priori estimates for system (3) based on the following lemma.
Lemma 1 (Maximum Principle!”)  Suppose 7 € C(QxR"),

1) assume that 1 € C*(Q)N C' (Q), and satisfies Ai(x)+A(x, 1(x))=0, x € Q,
h(xy, 1(x,))>0;

g <0, x € 0Q, if i(x,)=max,z, then
2) assume that 1 € C*(Q)N C'(Q), and satisfies Aux)+A(x, 1(x))<0, x € Q, % >0, x € 0Q, if 1(x,)=mingz then
h(x,, 1(x, )< 0.
Theorem 1 If system (3) admits positive solutions (S(x), /(x)), and u<r,f>aM, M=u+1t+c+v, then

p—aM

0<S(x)<K— ” 0<I@< B

(K—’u}{(), Vx e Q.

Furthermore, if f <r—u, then (S(x), /(x)) satisfies
K- 7(“;‘)[( <S(y<k- 1K B “M(K— ([’)J;“)K) <1< 2 “M(K uk )

r’ bM bM o
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Proof By the Lemma 1, from the first equation of system (3), it follows that S(x)<K — % To derive the upper

_ . . BS(xo)I(x,)
bound for /(x), let /(x, )=max,/(x). According to the Lemma 1 again, we have SN DI o)+ bI(x,) 2(u+t+c)l+vl Thus
1. pI(x,) K(r—,u)(ﬁ—a(,u+r+c+v)) K(r—,u)(ﬁ—a(,u+r+c+v))
Txo)< b (,u+r+c+v)S(x°) < br(u+t+c+v) > 0<i(9)< br(u+t+c+v) '

Then find the lower bounds for S(x) and /(x). Let S(y,)=min,S(x), /(z,)=min, /(x). We have

101 502 =) st <rsig 1= G2 | - B

—uS(yy)+cl(y,)<0,

by the Lemma 1, hence, S(x)> K — M Then, we have

pROLD g,

T () i) < eSS s 0tz vz, <0

KD

thus, I1(x)> 2 p AZM k- +r”)K

1.2 Nonexistence

). The proof is completed.

In this subsection, we use the energy method to discuss the nonexistence of nonconstant positive steady state
for system (3). It is shown that if the diffusion coefficients d, and d, are sufficiently large, system (3) admits no non-
constant positive steady-state solutions. Also, to simplify the notation, we let P=(a,r,c, K, u, f,7,v) denote the set of
parameters.

Theorem 2 Letd, = prrrety

s
on P and d,, such that for any d,>d, and d,>d,, system (3) has no nonconstant positive steady state solution.

be a fixed positive constant, there exists a positive constant d,’, which depends

Proof Let S=S(x) and /=1(x) represent a pair of solutions to system (3). Define S= ﬁf S(x)dx, I=
Q

S;S and integrate over Q by parts,

ﬁ J I(x)dx. By use a priori estimates, multiply the first equation of system (3) by
Q

B
aS+bl

dlfgsﬁ_zwsfdx: jg(—rg - aSﬁ-i-[bI n %])(S—S)dxs fﬂ%(S—S)de+ jgcz (S—S)(I-Ddx+ fﬂc(S—S)(f—i)dx.
5

aS+bl *

it may be inferred that C, < < C,, then we can derive

Similarly, multiply the second equation of system (3) by (/- /) and integrate over Q, we find that C, <
C,.

aS+bl
From Theorem 1, we have a large enough positive constant C;' < S(x), I(x), S, I<C..

d2L|VI|2dx:JQ( BSI —(lu-f-l'-i-c)]—v])(]—]_)de fﬂq (S—g)(l—f)dx+fﬂ(,u+r+c+v)(1—[_)2dx.

According to the previously mentioned estimates show that

H“’gvsrmng}dxsf L (S=8)+201S =S|~ +(u+7+c+v)\I-T)dx
Q C5 QK

_ ) -
< sl L+ 2 va-1y
fQ(S S)(K+ 8)+([ I (u+t+c+v+oe)dxr.
Utilizing the Poincaré inequality, we obtain

| Dl S rd ) - T dr< [ (S—E)Z(”+5)+(1—1‘)2(ﬂ+r+c+v+5g)dx.

Q C53 Q K &

If d,A,>u+7t+c+v holds, we can choose a small enough &,>0 so that d,4,>u+17+c+v+de,. Hence, we determine
Cs

that S=S and /=1 by producing d; = 7
1

ro 0 .
(K + . ) The proof is completed.
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2 Existence

In this section, we focus on the Turing instability of system (3), and by Leray-Schauder degree theory, we investi-
gate the possibility of the existence of nonconstant positive steady states for system (3) when diffusion coefficients d,
and d, are appropriately selected and other parameters are fixed.
2.1 Turing Instability

In this subsection, we analyzed the stability of the equilibrium of the diffusion system (2) and draw several conclu-
sions regarding Turing instability. Specifically, we investigate the local dynamics of the system by considering the cor-
responding system of ODE, which takes the following form

dS:rS(l—S)— B —uS+cl, >0,

dt K aS+bl @)
dar  pSI
&= aS+bl —(u+t+c)l—vi, t>0.

System (4) has a unique constant positive steady state £ (S",1"). Here,

K(—pr—pv-Pu+pla+t’a+via— b +2uta+2uva+ cua+ cra+ cva+ rbu+ rbt+ rbv + rbc — ubt — ubv — ubc)
rb(u+t+c+v)

=[-K(-pr—pv—Pu+p’a+t’a+via—w’b+2ura+2uva+ cua + cta+cva + rbu+ rbr+rbv + rbc — ubt — ubv — ubc)

B

S'=

—(B+pa+za+va+ca)ll[rb* (u+t+c+v)],
[(u+T+v)a+(r—wblu+t+c+v)
U+T+V
After that, we concentrate on the stability of the ODE and PDE systems. The Jacobian matrix of system (4) at £

where f satisfies (u+t+c+v)a<fi<

a, dap

is given by J(E" )= ( ) where

n Ap

af |E =—(’d’ +Va’ + i’ a’ — PuPb + ¢’ a’ — Pubt — Pubv — 2fcua — 2Bcra — 2fceva — Pubc + Prbu + Brot + Brbv + Brbc

ap=
+6ua’tc+ 6ua’vic — 2B’ a+ 3t a’t+ 3l av + 3t a’ e + 3ua’ T + 3ua’ v + 3ua’c* + 3t a’ e+ 3viatc + 3ta’c
1
202 P2, @2 2 2
+3va*c* - pPu—pir—pv+pc) P+ Trcry)’
p 8f| _ —cf+pta+2uta+2uva+2cua+tia+via+2cta+2eva+cla ; 6g| (ua+ta+va—p+ca)
2= o' B P T sl pb ’
og Wa+2uta+2uva+2cua+ta+via+2cera+2cva—Pu—Pfr—pv— cﬁ+ca
a22 61 |E ﬂ
Then, J(E™) has the characteristic equation
p*=Tr(J)p +Det(J)=0, 5)

where p denotes the eigenvalue and
Tr(J)=a, +ay,, Det(J)=a, a,,—aa,,.
According to Zhou et al'”, when max{¢,,t,}<f<min{z,,¢,}, the unique constant positive steady state £"of the
ODE system (4) is locally asymptotically stable, where
(u+t+v+c)

— — 2 2.2 2 2 2 2_
2i—c—1-v) {bt+v+c+r)—2ac—[2b* (tc+vc+vr+r+cr)+b* (T +vi+c*+1r? )+ 8qu(a® — ab)

t,=
1

+4a® (17 + v+ 77 )= 4ab(rc+re+ 12 + 7)) ),

(utTtvto)

— 2 202 2 2, .2 2
2i—c+7+v) {br+v+c+r)=2ac+[2b° (tc+tr+ve+vr+cr)+ b (T + v+’ + 1)+ 8tvu(a® — ab)

t,=
1
+4a® (1P + 12 +v?)—4dab(tc +ve+re+ it + )P},
[(u+T+v)a+(TF—pwblu+t+v+c)
H+T+V '
Hence, the ODE system (4) remains stable at the equilibrium E". As the proof follows standard procedures, it is

ty=a(u+t+v+c), t,=
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omitted here.
Following this, we investigate the stability of the equilibrium E” for system (2). If we set

- . - —ayd, 1,
d,=d,(r.K.a.b.purcvd. Q=min.. d . where d, = %= (j”“j{ f;zdl 3 (6)
i - %14

Naturally, the following describes the local stability of £”.
Theorem 3  For the PDE system (2), assume that max {tl R t3} <f <min {tz, t4}. Then the following statements hold:
(i) if a,, <0, the equilibrium E~ is locally asymptotically stable;
(i1) if a;, > 0 then
(ii-1) if d, A, <a,, and 0<d,<d,, the equilibrium E" is locally asymptotically stable;
(ii-2) if d, A, <a,, and d, > Jz, the equilibrium E” is unstable, and Turing instability occurs.
Proof System (2) has the following linearized form at E".
S
7}

(S,) :L(S)::(d1A+a“ a,
1, 1 a, d,A+a,,
If (@, P) is an eigenfunction of L associated with the eigenvalue p, then we obtain
(dlA+a“ a, )(¢)_ ((15)
a,  dA+va,)\w Ple)

pz_PipJ’_Q[:Ov i:0’1727'“7 (7)

whose characteristic equation is

diaylii+a,a, —a,ay
Ai(dAi—ay)
We have P,;<0 and Q,>0 for all i > 0, which indicates that Re p <0 for every eigenvalue p. Consequently, the equi-

where P,=—(d, +d, ), +a, +a,,, Qi:}'i(dlii_all){dZ_

librium E” is locally asymptotically stable.

In addition, we know that P,<0 and let d,a,,1,+ a,a,,—a,,a, <0. For system (2), we primarily analyze the behav-
iour of Q, for i = 1, as outlined below.

If0<d,<d,, then for 1 <i< i,, we have d, 4,<a,, and d,<d,, which ensures that 0,>0.Forizi,, sinced, 4, >a,,,
we still obtain Q,>0. Consequently, Q,>0 holds for all i > 1, indicating that E” is locally asymptotically stable.

Conversely, if d,>d,, we assume that the minimum in (6) is attained at some 1<j<i,, leading to d, >d,;, which
implies Q,<0. That is, E” is unstable. The proof is completed.

2.2 Existence of Nonconstant Positive Steady States

In this subsection, we explore whether there are nonconstant positive solutions to system (3) by investigating the
effect of varying the diffusion coefficients d, and d, with all other parameters fixed. For this purpose, we prove the ex-

istence of nonconstant steady state solutions using the Leray-Schauder degree theorem. Define the function space
X={(S,DHe[H' QT % = % =0 on 0Q}.

Let E(4;) denote the corresponding eigenspace associated with the eigenvalue 4, with an orthonormal basis
given by {¢,: j=1,2,---, dim E(4,)}. Define the subspace X,={c¢;: c € R*}. By this, the space X can be expressed as
the direct sum

X=0:,X, X=@m"X,.
To simplify notation, let U=(S, /)" represent the state vector and F=(f,,f,)" the associated functions, where

_ ol S\ BSI 3 _opst
fl—rS(l K) aS+bI+d us, fr= 2S+ bl tl—cl—pul—vl.

The Jacobian matrix J of F evaluated at the equilibrium point £” is written as J=F,(E"). Accordingly, system (3)
can be rewritten in the following form

—AU=T"'F{U), xeQ, %zO,xe@Q, ®)
where T=diag(d,,d, ). The E" is a solution of (8) if and only if it satisfies

fd, d;Ux=U-(0-A"{T"FU)+U}=0inX,
where O denotes the identity matrix.
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A straightforward calculation yields
D, f(d,.d);E )=0—(0—-A)y" (T J+0).
For each subspace X, £ is an eigenvalue of D, f (d,,d,; E") when restricted to X, if and only if (1 +4,) is an ei-
genvalue of the following matrix
M=,0-1"g=*"dran e )
b —d;'a, A—d;)'a,,

The determinant and trace of M, are given by
det(M,)=d;'d;'[d,d, 1} +(~d,ay,~d,a, )\, +(a, a,—a,a,)], tt(M;)=2A,~d a, ~d;" a,.
Define
gd,.dy;)=d d,’ +(=d,a,,~d,a, )A+(a, a,—ap,a,).
If-day,—d,a,,>2 \/allal2 (@, an—a,a, ), then g(d,,d,; 2)=0 has two positive real roots
da,+d,a, \/(d1a22+d2a11 Y —4d,d,(a, a,—ap,a, )
2d,d, '

Define the setA(d,, dz) and spectrum S, as A(d,,d,)={A: 220, A (d,,d,)<A<A,(d,.d,)}, S,={ Ao, A\, 4, -}, and
let m(4,) represent the multiplicity of 4, to calculate the index of f (d,,d,;") at E*, we use the following lemma.

Lemma 2" Suppose g(d,,d,; A, )#0 for all 4, € S,. Then

index(f(d,.d>;), E)=(-1y,

lt(dlvdz):

where
> m). AnS, =D

o= hedns,
0, ANS,=2.
Ifg(d,,d,; A,)>0 forall 1,>0, then c=0.
By the Lemma 2, in order to calculate the index of f (d,,d,;) at E", it is necessary to identify the range of 1 for
which g(d,,d,; 1)<0.
a,
dl

ficiently large constant " such that for all d,>d", system (3) admits at least one nonconstant positive steady state so-

k
Theorem 4  Suppose (A4 A4y, ) for some k=1, and o,= zm(li) is an odd integer. Then, there exists a suf-
i=1

lution.
A(dy,dy) €l dpr ), 0<A(d,dy) <A, Vd, > d,. ©)
By Theorem 2, it follows that there exists d. > d, such that system (3) admits no nonconstant positive steady state

% <A,. Thus there exists d* > d. such that

1
0<A_(d,,d,)<A.(d,,d,)<2A, forall d,>d". (10)
We now demonstrate that for any d,>d", system (3) possesses at least one nonconstant positive solution. For con-
tradiction, let d, >d" be such that no nonconstant positive solution exists for system (3). Next, we use the homotopy ar-
gument to derive the contradiction. Fix d,=d,, and for ¢ €[0, 1], we define

solution when d, =d. and d, > d.. Let d.> 0 be sufficiently large so that

td,+(1—1t)d. 0
T(t)= * |9
0 td,+(1 —t)d
and examine the following problem
-AU=T"'()F(U), x € Q, %:O,xeﬁQ. (11)

It is clear that U represents a nonconstant positive steady state of system (3) if and only if it satisfies the equation (11)
with =1, Clearly, E” is the unique positive constant solution of (11). Furthermore, for any ¢ €[0, 1], U is a nonconstant
positive steady state of the equation (11) if and only if it fulfills the following functional equation

hU; ) =U—-(O0—-AN"{T"()FU)+U}=0o0nX. (12)
Here, there is no nonconstant positive steady state to (12) when 7=0, and we propose the absence of such a solution for
t=1atd,=d;. Denote h(U; )=1(d,,d,; U).
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Based on (9) and (10), and when t=0, we set T=diag(d.,d"), we know Ald,,d,)NS,={A, 2y, >+, A, } and

A(d.,d )N S,=. Since o, is odd, the Lemma 2 implies
index(h(-; 1), E*)=index(f(d,.d,;"), E*)=(=1)"=—1, index(h(-; 0), E")=index(f(d.,d";"), E")=(=1)’=1.

By Theorem 1, there exist positive constants C and C ensuring that the positive solutions of the equation (12) sat-
isfy C <S(x), I(x)< C for t [0, 1].

Let Z={(S,])" € X:C <S(x), I(x)< C, x € Q}. Since h(U;{)#0 for U € 0% and ¢ €[0, 1], by homotopy invariance of
the Leray-Schauder degree, we can conclude that

deg(h(-; 0), X, 0)=deg(h(-; 1), Z, 0). (13)
However, given A(U; 0)=0 and A(U; 1)=1 there is a unique positive solution £" in X, we conclude that
deg(h(-; 0), 2, 0)=index(h(-;0), E")=1, deg(h(-; 1), &, 0)=index(h(-; 1), E")=-1,

which contradicts (13). The proof is completed.

3 Bifurcation

This section investigates the structure of the nonconstant positive solutions of system (3) in three subsections. In
subsection 3.1, we study the local bifurcation at simple eigenvalues using the Crandall-Rabinowitz theorem and ex-
plore the local bifurcation under double eigenvalues using techniques such as spatial decomposition and the implicit
function theorem. In subsection 3.2, we use the global bifurcation theory to extend local bifurcations induced by simple
eigenvalues to global bifurcations. It is found that these bifurcation curves may encounter certain bifurcation points and
extend to infinity under the condition that the parameter d, is larger than certain critical values. In subsection 3.3, we
study the direction of the local bifurcation at simple eigenvalues.

3.1 Local Structure

In the one-dimensional space interval Q=(0,m), we now examine the structure of nonconstant positive stable
states for system (3). As a result, system (3) may be expressed as

_dlS”:rS(l—}S;)— aSﬂiIbI —uS+cl, xeQ,
~d,1"= a?flbl —(u+t+c)—VI, xeQ, (14)
S =70 x=0,7.

Here, we choose d, as the bifurcation parameter, and use the transformation (§, f):(S—S*, I-1") to shift (S, I) to the

origin. We then continue to represent (§, I )by (S,1). System (14) is therefore transformed into the following

" o, S+ST\ | BS+SHI+T) * *
—d,S"=r(S+S )(l i ) a(S+5 )+ b1 WS+S )+c(I+17),
o PEESWAL) o o1+ T )=+, (15)

YT WS+ S +bI+T)

S =1=0.
Therefore, we will discuss the local bifurcation associated with system (15). To begin with, we need to determine the
existence of a positive steady state to the bifurcation from ( d,, (0, 0)).
Let X={(S,)e C*(0,m)x C*(0,m): S'=1'=0, x=0,n} and ¥=L" (0, )x L* (0, 7). Define the map F: R*x X— ¥ by
S+S8” BES+S I+
k)T a(S+S )+b(I+1")
BES+S I+
a(S+S")+b(I+1")
The zeros on this map therefore exactly match the solutions of (15), clearly, F (dz, (0, O)) =0. Next, we proceed
to assess the Fréchet derivative of F at (0, 0).

d,S"+r(S+S" )1 - —u(S+S" ) +e(I+1")

F(d, U)= , U= (‘; :
d,I"+

—(u+t+o)I+I)—I+I" )
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dA+a, a,

L(dz):FU(dzv (0’0)) = a dA+a.l
21 2 22

2

where A= L(d,) is given by the foregoing equation.

dx?’
Throughout this subsection, we assume d, 4, <a,,, there exists the largest positive integer i, such that d,4,<a,, for
1 <i<i,. Substituting p =0 into equation (5), we obtain the following relationship

L7 ._allazz_alzazl_azzdlii
My do=di= = G =d,2)

Our goal is to establish the existence of nonconstant positive steady states for F' (dz, (8,1 )) =0 in the vicinity of

, where A,=i*, 1<i<i,.

the trivial solution F (dz, (0, 0)) =0 for 1<i<i,. Note that the values of d,, may coincide or differ for distinct indices
iand j(i#/). We consider two cases: d,,=d,;and d,,#d,,;, where i#j.

Theorem 5 Assume condition H is holds,

(i) if d,,#d,; whenever i#j, for all ij€[l,i,], then (dzy » (0, 0)) represents a bifurcation point of equation
F(d,,U) =0. Moreover, there exists a curve of nonconstant positive steady states, denoted as (dz(s),(S (s).1(s)) )
satisfying F ( d,,U ) =0 for sufficiently small |s|. Specifically, d,(0)=d, . (S(O), 1 (O)) =(0,0), S(s)=s¢,+o(s), and I(s)=

se. ¢, +o(s), where d, (s), S (s) and I (s) are continuously differentiable with respect to s. Here, ¢,= /Z cosix, and e;=
dii—ay |

B

a

(ii) suppose there exist distinct indices i and j (i #/ ) such that d,,=d, ;= d,. Let

did—a, . dl—a, (1)
e;= ' , €, = ' N (Di: i 16
a, Ay e; ¢ (16)
*) * ok *)
A= ro, abpl 2abpS™1 abps 40,

_ + -
K @S +bl'y @S +bl'y " @S +bl'y "
2r 2abpI™ 2abpS’ I’ 2abpS™

_= — ) ) ——— T _ece.#0
K @by @ oy GOt sary ¢9* 17
r abpl™ 2abBS" I abBS™

A=—— + - + 2£0,

TR T @STHblyY @S bl )y O @S by

A,=

Xp=(S.D) e X: [ (SteDpde= [ (S+e,Dgde=0}. (18)

If 1+ee;#0, 1+ee #0, and j=2i (ori =2j ) then (d2 (0, 0)) serves as a bifurcation point for the equation
F (dz,U ) =0. Furthermore, there exists a family of nonconstant steady states expressed as (af2 (w), s(w)(cos P, +
sin w®; + W(a)))), where F(d,,U) =0, holds for |w—w,| sufficiently small. Here, (a’2 (w), s(w), W(a))) are functions

continuously differentiable with respect to w and satisfy the conditions d, (v, )=32, s(w,)=0, and W(w,)=0, here w,
is any constant satisfying

cos w,#0 and A4,c,c,e,4;sin’w,#4,c,c;e,4, cos’w,, (19)

(resp. sinw,#0 and A;c,cse;; sin*w,#A4,c,cee,4, cosza)o), (20)
where
,
. . e —1-
e,» ej 1 ) I<J4]
cl = * 9 sz * 9 c3= N * B
1+e,e, l+ee; 2n 1+ee,

r " r r

SRR 7N _f“‘m . _f%‘l—mz
VN2 l+ee T N2 ltee T N2 l+ee
Proof To verify statement (i), we utilize the Crandall-Rabinowitz theorem regarding simple eigenvalues'”. This

theorem guarantees that (dz_i, (0,0) ) is a bifurcation point if the following conditions are satisfied,

1) the derivatives F,, F and F,, are defined and continuous;
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2) dimkerF (d, ;. (0,0))=codimR(F(d, . (0,0))=1;
3) let kerF,(d,;, (0,0))=span{®,}; then it follows that F,,,(d, , (0,0)®; ¢ R(F(d,, (0,0))).
When d,,#d,;, the operator
d2
L )=F ol 0.0)=

dA+a a
1 11 12 ,A=@,

Ay dzi,iA"'azz

is considered. It is straightforward to check that F,, F, and F,, are continuous, and ker L(d,,)=span{®, }, ®,= ( ! )gb,.,
€;

where ¢,= =% () Hence, we find that dim kerL(d,,)=1.
ap
Similarly, we can derive that ker L' (d,,)=span{®;}, ®;= ( 1*)¢,~, where e = @ <0. Since R(L)=
€; 21

(ker L™)", it follows that codim R(L(d,,))=dim ker L" (d,,)=1.

Finally, for

0 0 0
Fa. 0000 So=[ 0]
we calculate
(Fiu(ds. 0.0)®,. ;) = ec; [ $idr=—he.el 20, 1)
0

thus, F,,(d,,, (0,0))®, & R(L(d,,)), completing the proof of statement (i).
(ii) Consider i #/ such that d,,=d, = d,. Clearly, F(d,, (0,0))=0. Let L(d, )= F(d,, (0,0)), we obtain

kerL(d, )=span{®,, ®,}. kerL'(d,)=span{®;.®}, RIL(d,))= {(S, 0 e v:[ (S+eDpidx= [ (S+e¢ D, dr= o}.

This implies dim kerL(c?2 )= codimR(L(aAV2 )=2.

As a result, the Crandall-Rabinowitz theorem!" cannot be used here. Because condition 2) in statement (i) is not
fulfilled, we use spatial decomposition and the implicit function theorem to solve this problem.

To proceed, we decompose the solution space. Let X, = kerL(ci2 ) and define a projection operator P:Y — X, by

p(3)- oo [f O(S+e71>¢,.dx}¢,.+ 1+1e,,e; [f 0(S+e71>¢,-dx]¢,--

Here, R(P)=span{®,, ®;}=X, Y, and P*=P, making P a projection onto X,. We decompose Y into Y=Y,®Y,, where
Y,=R(P) =X, and Y2=ker(P)=R(L(a72 )). Similarly, we decompose X into X,@X,, where X, =span{®,, @;} and X, is
defined in (18).

The solution F(d,,U) =0 is then sought in the form U=s(cos ® @,+sinw D+W), W=(w,,w,)" €X,, where
s, € R are parameters.

The mapping F: R* x X— Y can then be reformulated as

F(d,, U):L(dz)(‘j) + (

F'(S.1) )
F S0/
where —F' (S,1)— % S2=F?(S,I).

It follows that (S,7) solves F(d,, U) =0 if and only if it satisfies the above formulation. This leads us to investi-
gate the existence of nonconstant pairs (S, 7).
Fix w, € R, and define the nonlinear mapping K(d,,s, W; ). R* xR x X, x(®w,— J,w,+Jd)— Y as
K(d,,s,W;w)=s"F(d,,s(cos ® ®,+sinw ®,+ W)), (22)
which can be expanded as

all
K(d,,s,W;w)=L(d, )(cos w ®;+sinw P, + W)+S(F ),

sz

where —F"' — % (cos we,+sinwp;+ w, )’ =F, and
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R ) 2 =
2—_ (;bJr% (cos w,+sinwg,+w, ) - % (e, cos wg,;+e, sinwp;+ w, )’
a a
m (cos we;+sinwe;+w, )(e, cos we;+e; sinwe;+ w, )+ O(s]).
» :

It is clear that K (c?z, 0,0; w,)=0. Consequently, the Fréchet derivative of K(d,,s, W; w) with respect to (d,, s, W) at

(d,.0.0; w, ) is given by

,
1- 2
+5A4, cos’w, ( K4, )¢'

2
i

. . 0 0
K,  w(d,,0,0;0,)d,,s, W)=L(d,W-d,e,.,cos a)o(¢ ) —d,e;A;sinw, #
i j

r r
— . —1— — | ¢?
KAZ)¢l¢I +SA3 Sinzwo ( KA3) ! s
b9 ¢;

+sA, cos w, Sin w, (

where 4,, A4, and A4, are defined in (17).
Next, we demonstrate that K, W(dAz, 0,0;m,): R* xR x X, — Yis an isomorphism. We decompose

(21) =c, D+ (i‘), (‘2/) =c, D+ (iz

S —c e; S —c e S S

h )=( ! ) - *;:o,(Z):( : ) - % Lo 1,( ) d( 2)b1 0 Y,.

v ere(ll l1-ce, $i € 1+ee, I 1—ce ¢ c: 1+ee; cary 1, an 1, congto L,
Finally, we proceed by considering the cases j=2i and i=2j.

Case 1:j=2i.

T T T _1 — N
Simple calculations give J Pi¢,dx= /ﬁ, f ¢.¢;dx=0, J ¢;dx=0, obviously, ( K47 | e Y,, we de-
0 0 0 P

2

9;
compose
r r
—1- PRI,
et [t
¢ 3 4.9, ‘
e—l— R
/ —Pi— i —C39;
€= j¢¢dx l #0, (S3)= ¢ KAI¢ 3¢j ey,
1+ee 2n 1+ee I 5
¢i_c3ej¢j
. r . r
e, —1- e —1——— r
! ! —P:Q;— iPi—Cs@;
6‘4:?[45(/5 2175?15427&0, (}94)= b9, KA2¢¢’ 4 ey,
€e ee,;
! ¢i¢j_c4ei¢i

Right now, we have the following decompositions
Kdrx,W(dAZ’ 0,0; 0, )dy, 5, W)=2,+Z,,
Z,=(=d,c,e;1,co8 w,+5c, A, cos w, sinw, )®,;+(—d,c,e,A;sinw,+sc; 4, cos’w, )P, € Y,,

Z,=L(d, W—d,e,}, cos coo(iv ) d,e; ;sin a)o(fz) +54, coszwo(f3)
2 3

1=
¢;

. S .
+sA200sa)Os1na)0( ] +54, sinw, ey,

4

Let
K, w(d0.0;0,)d,,s, W)=0. (23)

Given that L(c?2 ) is an isomorphism between X, and Y,, (23) equals
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(—d,c, €A, cos w,+5c,4, cos w, sinw, )P, +(—d,c,e;;sin w,+sc; 4, cos’w, )P, =0,

L(d, W—d,e,A, cos wo(fl ) —d,e;A;sinw,
1

Sz) +54, cossz(S3)
1, 1 (24)
i\

r

1=
+sA, cos w, sin wo(f“) + 54, sinw, ( K4,

4 2
¢;
Since w, satisfies (19), the first equation of (24) yields d,=0, s=0 and W=0 is obtained by substituting them into
the second equation, indicating that Kd:,&W(dAz, 0,0; w,) is injective.

0.

Now we prove that K, W(ciz, 0,0; w, ) is surjective. For arbitrary (f) € Y, we want to find (d,,s, W) such that
5 S
Koo @0.050,)doos, W)= ). (25)

By the decomposition of Y, there exist o, € R and (fo) € Y, such that (f ) _

0
the above expression into (25), the resulting equation is obtained

—d,c e, l;cosw,+sc, A, cosw, sinw,=a,

fo) +a @+ [ @, By substituting

0

—d,c,e;l; sinw,+sc, 4, cos’w,=p,

L(d, W~d,e 1, cos a)o(f‘ ) —d,e;);sinw,

1

Sz) +54, cosza)o(S3)
I 1

2

(26)

S,

-
PRI
+54, sin’w, ( KA3)¢" = (SO).
4 ¢2 IO
i

+sA, cos @, sin coo(

By (19) again, we obtain

- acy, A, cos w,—fc, A, sinw,

ac,e;A; sinw,—fc el cosw,
d,=d,: ‘

= . s=5= . .
A,c,c,6;4; s8I0’ w,— A, ¢ c5€,4, c08 @, A, c,e,), cos w, sin*w,— A4, ¢, c5e;, cos’ o,

By inserting d, and § into the third equation of (26), we derive the resulting expression.

L(d, W= SO) +d,e; ), cos a)o(S') +d,e; 2, sin a)o(SZ) —54, cosza)o(S})
I, I, 1 I
S 1- | (§
—54, cos w, sina)o( 4) — 354, sinw, K4, | = ( ~) ey,
J
This implies that W:Ll(‘sl) € Y,. Therefore, (d,,s, W)= dz,s,L‘(‘S:)), serves as the solution to (25), demonstrating

that K, W(a?z, 0,0; w,) is surjective.

Thus, K, dz‘S‘W(aA?z, 0,0; w,) is a bijective map from R* xR x X, to Y. Based on this bijective property, utilizing the im-
plicit function theorem for

K(d,,0,0;w,)=0, (27)

we conclude the existence of a curve of nonconstant solutions (d, (@), s(w), W(w)) to (27) (i.e., F=0) for sufficiently
small |w—w,|, where w, satisfies (19). Moreover, (d, (w), s(w), W(w)) are continuously differentiable with respect to @
and satisfy the initial conditions d, (w, )= d,, S(@,)=0, W(w,)=0.

Case 2: i=2j.
r

)$;

KA, € Y, and we decompose

i
r

o : “1- L g0,

T n —1-
Simple calculation givesf $;¢,dx=0, f ¢:¢;dx= /i #0. Then (
0 0
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2 r 2 ey"_l_ ! ef—l_i
SV R e L KAy g (LT KA
! TOT laee I 2 ltec
5 2 11 i€
¢/_CSei¢i
. r . r
r g L
S| g b O KAy g [0 KL
I ) T l+ee; o 1Y 2t l+ee;
¢i¢j_céej¢j ’

Hence, we have
desyw(ciz, 0,0; w,)d,,s, W)=L(c§2 W +(=d,c e, cos w,+scs Ay sin’w, )P, +(—d,c,e;; sin w, +sc, 4, cos @, sinw, )P,

~d,e, ., cos wo(?) —d,e;, sin a)o(fz) +54, sinza)o(%) +54, cos w, sin wo(iﬁ)
1

2 5 6

.
- 2
+sAlcos2w0( KA|)¢' ,
b
(1 - )¢
aere[5), (5. (S, (5, €1 % # | <,
I] 12 15 I(s ¢2

As in case 1, it can be demonstrated that if o, satisfies (20), the map K, | W(ciz,O,O; @, ) 18 an isomorphism from
R*x R x X, to Y. By the implicit function theorem, the proof is completed.
3.2 Global Bifurcation

In the previous subsection, Theorem 5(i) does not address whether the bifurcation curve I, extends far from the
equilibrium point (S*,7"). To understand its global structure, a more in-depth analysis is required. This subsection is de-
voted to examining the global properties of bifurcation solutions arising from simple eigenvalues. Let J denote the clo-
sure of the set of nonconstant solutions to (15), and let I, represent the connected component of JU{(d,,, (S*,17))}.

Theorem 6  Assume the conditions stated in the Theorem 5(i) hold. Then, the projection of the bifurcation curve
I, onto the d,-axis contains the interval (d,;, +). Furthermore, for any d, > d~2 and d,#d,;, where j is a positive integer,
system (14) admits at least one nonconstant positive solution.

Proof Rewrite (15) as

—d,S"=a,S+a,I+F'(SI), xe(0,mn),
{—dzl"=a21S+a221+F2(S,I), x €(0, ). (28)
The steady state (S™,7") of system (3) is transferred to (0, 0) of system (28), where F'(S,7) and F*(S,[) are higher order
-1 -1
terms in Sand /. Let G, = ( —dld(i—zz +a“) , G, = ( —dzsx—z —azz) , then system (28) can be rewritten as S= G, (2a,,S)+
G, (a,N)+G,(F'(S.1), I=G, (ay,S)+G, (F*(S,1)). System (14) is then converted into the equation
U=K(d,)U+H). (29)

Let K(d,)U= (2a,,G, (S)+anG, (I). axG,.(S)). HU)= (G, (F (S.1). G, (F*(S.1))). It is noted that K (d,) is a

compact linear operator on X for any fixed d,>0. Additionally, H (U ) satisfies H (U ) =o(|U]) as U— 0, uniformly
over closed subintervals of d, within (0, «), and is also a compact operator on X.
To apply Rabinowitz’ s global bifurcation theorem™, we first demonstrate that 1 is an eigenvalue of K(d,,) with
algebraic multiplicity equal to one. From the Theorem 5(i), it follows that ker(K(d,,)— O)=ker(L(d,;))=span{®,}.
Thus, 1 is indeed an eigenvalue of K(d, ), and dim(ker(K(d,;)—0))=1.

As shown by Jang ef al?", the algebraic multiplicity of the eigenvalue 1 of K(d,,) corresponds to the dimension of the

generalized null space Oker ((K(d,,;)—0)"). To establish that the algebraic multiplicity of 1 is one, it suffices to verify equality
n=1
ker(K(d,;)— 0)NR(K(d,;)— 0)=0. (30)

Let K" (d,,) denote the adjoint operator of K(d,, ). For any (¢, )€ ker(K" (d,,)— 0), the following system holds
a 12G.71L (®)=x. 2a, Gd, (p)+ay Gdz =9.
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By the definitions of G, and G, the following equations are derived
—-d, x"=a,p—a,y, _d25i¢”:f(p¢ +le’

2a 2a,.a 2a’
h _ 11 _ — n%» 11 )
where f, d dyi+ay,, [,=a, a and, d,;
Assume
9= zajqﬁj, = zbmb,-» (31
j=0 =0

where ¢; are Fourier cosine modes. Substituting into the equations, we obtain
2 . —d, A+
zB;(aj)‘ﬁj:O, whereB;:( 2ty % )
j=o b.i a, _dllj_all
did+ay,
ap
0, and @, (ker(K" (d,,)— 0))"=R(K" (d,,)— 0). Consequently, the condition (30) is satisfied, and the algebraic multi-
plicity of the eigenvalue 1 is confirmed to be one.
For d,#d,; within a small neighborhood of d,; the linear operator O —K(d,): X— X acts as a bijection, and 0

Thus, the kernel of K™ (d,,)—1 is given by ker(K" (d,,)— 0)=®], where &@}= ( )¢,. Here, f D/ ®D,'dx=2d,1,>
0

serves as an isolated solution to (O —K(d, ))U= H(U). The index of this isolated zero solution is given by
(0—-K(d,)-H, (d,,0))=deg(0-K(d,).B,0)=(-1),

where B is a sufficiently small ball centered at 0, and p represents the total algebraic multiplicities of eigenvalues of
K(d,) that exceed one.

To demonstrate that the index changes as d, crosses d,,;, we consider

i(0O-K(d,;—¢e)—H, (d,,—¢&0)#i(0-K(d,,+¢e)—H, (d,;+¢0)), (32)

where £> 0 is sufficiently small.

Suppose p is an eigenvalue of K(d,) associated with the eigenfunction (¢, ). Then (@, y) satisfies —pd,p"=(2 -
pan@+a,y —pd,x"=a, @+ aypy. Using the Fourier cosine expansion (31), we obtain

i (2_,0)‘111_,0“’1)“1 ap )(aj)¢_0
Jj=0 as azzp_pdzll/- bj g ’
This leads to the characteristic equation
2a a,a
2 _ 1 _ 12¢21 =0, j>0. 33
dlij+allp (dl/l/'—"_all)(dz/lj_aﬂ) / (33)

For d,=d,,, if p=1 is a root of (33), it follows that d,,=d,,, implying i=; under the given assumptions. Thus,
the eigenvalue associated with j=i is not considered, and the number of eigenvalues of K(d, ) greater than one remains
constant near d, ,, with their algebraic multiplicities unchanged.

Forj=iin (33), let p(d, ) and p(d, ) denote the roots of the characteristic equation. At d,=d,,,

pds)=1, 3ds,)= m <1
For d, close to d,,, we have p(d, )< 1. Since p(d, ) is an increasing function of d,, it follows that
pdy+e)>1, p(d,,—e)<1.
Consequently, K(d,;+¢) possesses exactly one additional eigenvalue greater than 1 compared to K(d,,—¢). Further-
more, by applying a similar reasoning as above, we can demonstrate that this eigenvalue has an algebraic multiplicity
of one. Thus, equation (32) holds. According to Ref. [20], it can be deduced that /", must satisfy one of the following
conditions: (i) 7", meets infinity in R x X; or (ii) I, meets (d, ,, (S",1")) for some ki with d, > 0.

In the following, we utilize the methods from Nishiura®”and Takagi® to establish that the bifurcation curve I,
must extend indefinitely in R x X. For further insights, detailed reasoning can also be found in Jang et a/”". For the
sake of contradiction, assume that I, lies in a bounded region. This implies that I, is compact and intersects additional
bifurcation points. Let & be an integer such that I, includes (d,,, (S™,1")), but does not include (d,,, (S*,1")) for any j >
k. Consider system (14) over the interval (0, m/k).

Suppose that U is a solution to (14) over the interval (0, 7/k). By applying a reflective and periodic extension as
described by Nishiura® and Takagi®', a corresponding solution U to (14) can be constructed. Let x,=nn/k, where n=
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0,1,2,--+,k, and define
o | O, i x, <x<n, ..
B l~](‘x’-2n+2 =x), if x5, SX<Xy,.0.

D" dud —~a22d1 4 . It is well known that the operator u+—>—u, under no flux boundary conditions on

dilay—d,2;) N N N
the interval (0, m/k) has eigenvalues 4,, where 4,=(ik)*=4,,. Consequently, it follows that d,,=d, ,, for i=0,1,2,---, and
specifically, d,,=d,,. Using the argument presented in Theorem 5, it can be deduced that (d, ,, (S",1"))=(d, . (S".17))
also constitutes a bifurcation point for system (14) over the interval (0, w/k). Let 4, denote the solution branch that bifur-
cates from (d, ,, (S, 17)).

Following a similar line of reasoning, it can be demonstrated that /4, either extends toward infinity or intersects a point
of the form (d, . (S",1"))=(d, . (S".1")) for some s > 1. If the latter case was true, it would lead to a contradiction. Specifi-
cally, it would imply that I, intersects (JM, (S*,1")) for some s> 1, which is inconsistent with the definition of k. There-

Let 072’,.:

fore, we conclude that /4, must extend to infinity. By the same reasoning, /', is also unbounded. The proof is completed.
3.3 Direction of the Bifurcation Solutions

In this subsection, we analyze the direction of the steady-state bifurcation corresponding to the simple eigenvalues
identified in Theorem 5(i). Rewrite the map F: R* x X — Y by
d,S"+f(S.1)

F(d,,U)=
@..0) d, 1"+ (S, 1)

2

where

S+S*)_ BES+SHI+I) CUS+S ) eI+,

f(S,D)=r(S+S")|1-
JED=r(S+ )( k) aS+S)+bI+1)
~ BES+SHYI+T7)
S, 1)= . .
88 D= s )+ b+ T)
Then a straightforward calculation gives

—(u+t+)I+T)—(I+1" ).

Fr00=r= 25 - T 00— B e f0.0=- T+ 2O
Fu0.0= 2L 0.0)- 2 EIST (0.0 20 LT SCISL
Fi0.0)= B Jy 0.0 MBS LB 7 0.0- BT
2.0.0= P 50.0= (PO —urrreen, 0.0- 0 g00- 2L
2,0.0= P g 0.0)= MBI SEISE g 0.0- SCPEE
2,00 = 2SI MEIEL g, 0.0= 2P0

According to Theorem 5(i), we have dimker F(d,;,(0,0))=codim R(F,(d,.(0,0))=1, and ker F(d,;, (0,0))=
span {®, }.
Consequently, the spaces X and Y can be decomposed as follows
X=ker Fy(d,,;, (0,0)®Z, Y=R(Fy(d,, (0,0)DZ"
where Z and Z' are the respective complements of ker F,(d,,, (0,0)) in X and R(F U(dzyl.,(O,O) )) in Y. Using (21), we

derive (F,(d; . (0.0)®,, @) =—)e.e; =—i*¢,e] #0.
According to Ref. [24], we obtain that
(Fu(d. (0,0)®], ®;)

2(F,(d,. (0.0, ®;)

d,'(0)=—
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By quick computation, we get <F v (dy . (0,0)D;, <D,T> =(o,+p.e;) J ¢;dx, where
0
0,=35(0.0)+27 (0. 0)e,+7,(0.0)¢f. p=&55(0.0)+28(0.0)e,+&, (0. 0)e.
Since ¢, = \/Zcos ix, we have f ¢;dx =0, this results in < F, (d, ,, (0,0)®?;, &;>=0. Thus, d,'(0)=0.
0

At the same time, Shi”" indicated that the steady state bifurcation was supercritical (or subcritical) in direction if
(Fuu(ds s (0.0)@, ®;) +3(Fyy(dy . 0.0)@,0, ;)
3(F(d,. (0.0)®, &)

where 6 is the solution of the following problem
Fyy (dz.,n (o, 0))¢1? +FU(d2,i’ (0,0)60=0.

d,"(0)=

>(<)0,

By direct calculation, we obtain
(Fuuu(dss Q.00 &) = % (mme)) [ cos® @)dx= = (m+n.e)),
' s 0 2n
where m, = f4 (0, 0)+ 3£, (0, 0)e, + 3£, (0, 0)e; +£,, (0, 0)e], n,=g55(0,0)+ 385, (0, 0)e, + 38, (0, 0)e; + g, (0, 0)e;.
Let 0=(0,,0,), and it satisfies
d,0,"+£,(0,000,+£,(0,000,=—0,¢>,  xe(0,m),

d,0,"+g5(0,0)0,+g,(0, 00,=—p.¢;, xe(0,m), (34)
0,'(0)=0,'(m)=0, i=1,2.
Integrating (34) by part, we derive
f 0,dx= — pz{}(o’o)_?zgl(o’?) =y, f 0,dx= — O[%S(Ovo)_eifi(()?NO) =y, (35)
0 /5(0,0)g,(0.0)—£,(0.0)g,(0.,0) 0 /5(0.0)g,(0.0)—£,(0.0)g,(0.0)

In addition, a simple calculation yields <F w(dy. (0,0))D,0, ¢,> =C, f 0,¢;dx+C, f 0, ¢;dx, where
0 0
C1=755(0.0)+75: (0, 0)e, +(Z55 (0.0 + &5, (0. 0)e, Je;. €= (0, 0)+7, (0. 0)e,+(&: (0. 0)+ &, (0. 0)e e
In order to finish our computations later, we now compute f 0, $;dx, and f 0, ¢;dx. Multiplying (34) by ¢; and
0 0
. . . 4 (" 3
49 T 4 (x -2
integrating, we get foqb,.dx— = f oos (ix)dx o then

d [ 0, 4:4r+7,0.0) [ 0,4:0x+7,0.0) [ 0, 43ar=— >0, (36)
0 0 0 2n
T N T N n 3
"2 2 2 -
d..[ 0. 4:0x+2,0.0) [ 0,4:0x+2,0.0 [ 0.930r=—5"p, (7)

b 412 b
"A2 s — 1t dh? i
wherefoaj dv= foaj (-ng2)dx, j=1,2.
Substituting (35) into (36) and (37), we have

[ 0, g10x= 9,(2(0.0)-4id, )~ 6,/,(0.0) _
1¥i -~ B ~ . ~ ~ ot
o (/5(0.0)-41%d, X,(0,0)~4i°d,,) - £:(0.0),(0.0)
[(0.gac= 9,25(0.0)- 5, (f5(0.0)-4i°d, ) __
2 i - o= ~ ~ . e . T 2>
0 £10.02(0.0)~(2,(0.0) -4, ) /5(0.0)—4i°d, )
, 2 . 4ifd,,
where 5, =— 323[ B 4lnd1 ) 2:_% _ %dz,,yz‘ In total, we obtain

(m,+n,e;)+2n(C,L,+C,L,)

@"0)= 2ne.e: A,

(38)

Therefore, we may construct the following theorem to ascertain the direction of the local bifurcation by figuring out the
sign of d,"(0), and A,= >

Theorem 7  For the bifurcation point (c?z, (0,0)) identified in Theorem 5(i), the bifurcation is classified as super-
critical if d,”(0)> 0 and subcritical if d,"”(0)< 0. Here, i belongs to the interval [1, io}, where i, denotes the largest posi-

tive integer satisfying d,4,<a,;.
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4 Numerical Analysis and Simulations

In this section, on the basis of the foregoing analysis, corresponding numerical simulations are presented to verify
the foregoing conclusions. First, we numerically solve the initial boundary value problem for system (3) and system (4)
on Q=(0, ) via a spatially discrete finite difference method.

In Fig. 1, the equilibrium point (S*,7") of system (4) is locally asymptotically stable and converges to the positive
constant solution (0.31, 0.24) over time for the following parameter values: a=1, f=2.4, b=1, v=0.1, ¢=0.04, u=
0.01, K=1,7=1.2, andr=1.5.

The neutral curve of d, as a function of i € R can be seen in Fig. 2. Obviously, when d, , #d, , lies on the left side
of Fig. 2, it means that the system has a steady-state bifurcation at simple eigenvalues; when d, ,=d,, lies on the right
side of Fig. 2, it means that the system has a steady-state bifurcation at double eigenvalues.

The diffusion coefficient d, is selected as the control parameter to investigate its effect on the model dynamics via a
finite-difference scheme, with the spatial region taken to be [0, 100]x[0, 100], and the boundary condition taken to be the
Neumann boundary condition. For convenience, we set d, =0.03. According to Theorem 3, the equilibrium point £* of
the system of partial differential equations (2) is Turing unstable if d,>d, and system (3) will exhibit Turing patterns. In
the next numerical simulation, the concentration values of S(z, -) and the infected population /(¢ -) are expressed as a ratio
from red (maximum) to blue (minimum). From the numerical simulation, the Turing region can be derived.

In Fig. 3, the steady-state Turing patterns for the susceptible population S(z, -) and the infected population /(z, -) are
shown for d,=1.2. It can be seen that, starting from the homogeneous state, the concentration values in panels (A1)
and (A2) are essentially unchanged, with the initial values chosen as the equilibrium solution plus a stochastic perturba-
tion; bar-like patches appear in panels (B1) and (B2); the stochastic perturbation then leads to a decay of the voids, and
bar-like patches appear in panels (C1) and (C2); eventually, bars in panels (D1) and (D2) occupy almost the entire re-
gion, and the dynamical behaviour of the system no longer changes.

Figure 4 illustrates the temporal evolution of the spatial patterns of the susceptible population S(z, -) in both two-
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Fig.3 Pattern formation in S(¢;-) and I(¢;-) for system (2)

and three-dimensional representations for ¢,=1.5. Initially, the population is distributed almost homogeneously with
small random perturbations, as shown in panels (E1) and (E2). At =2 000, these perturbations are amplified, and iso-
lated spot-like structures begin to emerge in panels (F1) and (F2). As the system evolves to =6 000, the bars become
more pronounced and gradually connect to form a mixed pattern composing of bars and short stripe-like structures in
panels (G1) and (G2). At =8 000, a well-developed and persistent spatial pattern forms, characterized by the coexis-
tence of densely distributed spots and irregular stripes in panels (H1) and (H2). The corresponding two- and three-
dimensional plots show consistent spatial distributions, while the three-dimensional representations further reveal the
variation in population density over the spatial domain.

1.0 .
09 10 ;
100 '
. 50 % 100]
: 0 %

2

E2: 5(0;-)in 3D

05
04 %

03 1000

G1: 5(6.000; -) in 2D G2: S(6.000; -) in 3D HI: S(8 000; <) in 2D H2: S(8 000; -) in 3D

Fig. 4 Pattern formation in S(¢;-) and /(¢;-) for system (2) in 2D and 3D space
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